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Goals of Lecture 02

This session provides the rigorous mathematical and geometric foundations required
for advanced astrometry and professional observation planning. Moving beyond el-
ementary definitions, this lecture treats coordinate systems as formal mathematical
vector spaces. Its primary objectives are to:

Establish the foundation of astronomical coordinate systems, emphasizing
their purely angular nature.

Detail the physical evolution of astrometric reference frames, transitioning
from dynamical frameworks to modern relativistic and kinematic realizations.
Apply spherical trigonometry and Cartesian rotation matrices to compute co-
ordinate transformations and angular separations on the celestial sphere.
Distinguish between complex astronomical time scales and their applications
in precision ephemeris calculations.

Establish mathematically defined criteria for target observability, incorporat-
ing atmospheric extinction, seasonal visibility, and optimal target windows.
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1 Astronomical Coordinate Systems

The fundamental purpose of an astronomical coordinate system is to provide a stan-
dardized, mathematically rigorous framework for uniquely identifying and cataloging the
positions of celestial objects. Why is this strictly necessary? From the perspective of an
Earth-bound observer, the sky is a highly dynamic environment. The Earth’s rotation
causes stars to continuously drift across the sky, its orbit shifts the visible constellations
season by season, and observers at different geographic latitudes perceive fundamentally
different horizons. Without universally agreed-upon coordinate systems, it would be im-
possible to communicate discoveries across observatories, compile persistent star catalogs,
or mathematically instruct a telescope mount where to point. Coordinate systems bridge
the gap between a transient, localized observation and a permanent, absolute map of the
universe.

To build this framework, a fundamental paradigm shift must be established: astrometry
is intrinsically a science of angles, not absolute distances. Because the physical distances
(r) to celestial objects vastly transcend the baseline of our Solar System (and for centuries
remained entirely unmeasurable), the universe we observe is geometrically degenerate. We
do not directly perceive a three-dimensional Cartesian space; rather, we capture incoming
electromagnetic wavefronts originating from effectively infinite distances. Consequently,
observational astronomy mathematically collapses the 3D cosmos onto a 2D topological
manifold, specifically the unit sphere S?. We map directions represented by unit vectors
(i € R?) instead of spatial depths.

To formalize this projection, we construct the celestial sphere: an abstract, infinite-radius
sphere concentric with the observer. Because the radius is infinite, the physical dis-
placement of the observer on Earth (topocentric) or even around the Sun (heliocentric)
produces negligible parallax for the vast majority of the cosmos, allowing us to treat all
rays from a distant source as strictly parallel. While astrophysical depth is eventually
reconstructed through secondary diagnostics (such as trigonometric parallax, standard
candles, or cosmological redshift), the raw, foundational observable remains strictly the
object’s angular coordinates on this spherical canvas.

However, a featureless sphere possesses continuous rotational symmetry. To construct a
rigorous, non-degenerate coordinate system, we must spontaneously break this symmetry
by anchoring a fixed geometric triad to physical or dynamical phenomena. As illustrated
in Figure 1, any astronomical object (represented by the target star at the terminus of
vector 1) can only be unambiguously located by measuring its coordinates relative to a
rigorously defined geometric basis. This requires defining three interdependent elements:

1. A fundamental plane: The primary reference plane intersecting the sphere’s origin
(r =0). It divides the space into two hemispheres and serves as the 0° latitudinal
equator.

2. A principal pole: The unit normal vector (i) strictly orthogonal to the fundamental
plane, serving as the axis of revolution for the coordinate system.

3. A reference direction: A deliberately chosen, fixed unit vector (X) lying precisely
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within the fundamental plane. This establishes the absolute zero-point (0°) for
longitudinal measurements.

Together, these elements form a complete right-handed orthonormal basis (X, ¥, 1) where
§ = 0 X X. By establishing this master triad, the vector pointing to the target star (i)
can be uniquely resolved into two orthogonal angles: longitude () and latitude (o).

Principal Pole

(1)

Target Star

()

Fundamental Plane

Reference Directi
(x

Figure 1: The mathematical architecture of a spherical coordinate system on the Celestial
Sphere. The continuous symmetry of the space is broken by defining a Principal Pole (i)
and a Reference Direction (X) on the Fundamental Plane. By establishing this basis, the
position of the target star (1) is mapped via an orthogonal longitudinal (#) and latitudinal

(¢) angle.

1.1 The Horizontal (Alt-Azimuth) System

The horizontal (or alt-azimuth) coordinate system is the most physically intuitive frame-
work, as it is strictly topocentric, anchored directly to the observer’s specific geographic
location on Earth. It represents the sky exactly as it appears from your backyard.

Because it is pinned to the rotating Earth, the horizontal coordinates of any celestial
object are entirely ephemeral; they change continuously second by second as the Earth
spins beneath the fixed celestial sphere.

As illustrated in Figure 2, to construct this system, we define a local geometric triad:

o The astronomical horizon serves as the fundamental plane. This is the mathematical
plane strictly orthogonal to the local gravity vector (the plumb line). It separates
the visible sky from the Earth-blocked hemisphere below.
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» The principal poles are the zenith (Z), the point exactly 90° overhead, and the
nadir, the point exactly opposite, directly beneath the observer’s feet.

 The reference direction is the true north point on the horizon. (Note: While modern
convention dictates north as 0°, some historical astrometric texts defined south as
the origin. We will rigorously use north).

The position of any celestial object is resolved into two orthogonal angles along the princi-
pal vertical circle (the great circle passing through the zenith, the object, and intersecting
the horizon at a perpendicular angle):

o Azimuth (A) is the longitudinal angle measured along the horizon, sweeping east-
ward from true north (0° < A < 360°).

o Altitude (h) is the latitudinal angle measured vertically from the horizon up to the
object (—90° < h < +90°).

o Zenith distance (z) is strictly preferred over altitude in modern computational as-
tronomy and atmospheric physics (e.g., when calculating extinction and airmass).
It is the angle measured downward from the zenith to the object, defined simply as
z=90° — h.

1.2 The Absolute Equatorial System

To catalog stars permanently, the coordinate grid must decouple from the rotating Earth.
By expanding the Earth’s equator and rotation axis out to infinity, we establish the
equatorial framework. As depicted in Figure 3, this creates a global celestial grid anchored
by the Earth at its center.

o The fundamental plane is the celestial equator.

» The principal poles are the North Celestial Pole (NCP) and South Celestial Pole
(SCP).

The latitudinal coordinate is declination (J), measuring the angle from the celestial equa-
tor vertically up to the object along its hour circle (—90° < ¢ < 490°). Because the
Earth’s spin axis is highly stable on short timescales, a star’s declination remains practi-
cally constant during a night of observation.

To create a completely rigid, absolute map of the universe, we anchor the longitudinal
reference direction to a fixed point on the celestial sphere itself:

» The reference direction is the vernal equinox ('), the exact ascending node where
the ecliptic intersects the celestial equator.

o The longitudinal coordinate, right ascension («), is measured eastward from the
vernal equinox along the celestial equator, typically expressed in time units (0" to
241,

Because the vernal equinox rotates in tandem with the rest of the celestial sphere, the
« and ¢ coordinates of a star are fixed on the sky. This allows observatories globally to
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Figure 2: The Horizontal (Alt-Azimuth) Coordinate System. Because it is bound to the
rotating Earth, the coordinates (A, h) of any celestial object are ephemeral. The target
star is located by sweeping eastward from true north along the horizon to find its azimuth,
and then elevating along its principal vertical circle to its altitude.

share absolute targeting data without needing to continuously account for their local time
of day.

1.3 The Local Equatorial (Hour Angle) System

The hour angle (H) serves as the fundamental temporal link between the observer’s
rotating frame and the static celestial sphere. As illustrated in Figure 4, H quantifies the
angular displacement of an object from the observer’s local meridian due to the Earth’s
diurnal motion.

o The reference direction is the local celestial meridian. This is the great circle passing
through the observer’s zenith, the celestial poles, and the north and south points
on the horizon.

o The longitudinal coordinate, the hour angle, is measured westward from the local
meridian along the celestial equator. It is conventionally expressed in sidereal time
units (0" to 24"), where 1" = 15°.

The technical significance of this system is two-fold. First, when H = 0", the object is
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Figure 3: The Absolute Equatorial Coordinate System. The ecliptic intersects the celestial
equator at the vernal equinox (Y). Right ascension («) is measured eastward from 7,
and declination (¢) is measured vertically along the star’s hour circle. Coordinates remain
permanently fixed relative to the celestial sphere.

at upper culmination (meridian transit). At this precise moment, the object’s altitude
is maximized and its airmass is minimized, providing the optimal conditions for spec-
troscopic and photometric observations. Second, the system is the mechanical basis for
equatorial mounts. By aligning one axis with the NCP and driving it at the sidereal rate
(15.041° per solar hour), the telescope effectively cancels the Earth’s rotation, maintaining
a static frame of view for long-exposure imaging.

The transformation between the local and absolute equatorial systems is governed by the
local sidereal time (LST):
LST=H+«

This identity is a cornerstone of observational scheduling; it allows for the immediate
calculation of a target’s current position given its known coordinates in a stellar catalog
and the current sidereal time.
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Figure 4: Diagram of the local equatorial coordinate system relative to a terrestrial ob-
server. The hour angle (H) is measured westward along the celestial equator from the
superior meridian, while declination (¢§) is measured along the hour circle from the celes-
tial equator to the object.

1.4 The Ecliptic System

The ecliptic coordinate system is primarily used for representing the positions and or-
bits of Solar System bodies. It is centered on either the Earth (geocentric) or the Sun
(heliocentric), with its orientation determined by Earth’s orbital geometry around the
Sun.

e The fundamental plane is the ecliptic, defined by the plane of Earth’s orbit around
the Sun.

« The principal pole is the North Ecliptic Pole (NEP), located in the constellation
Draco.

o The reference direction is the vernal equinox, the point where the ecliptic intersects
the celestial equator as the Sun moves from south to north.

» The obliquity of the ecliptic (¢) is the angle separating the ecliptic plane from the
celestial equator, currently approximately 23.4°. This axial tilt dictates the bounds
of the Sun’s apparent motion and drives Earth’s seasonal cycles.

e The coordinates are defined as follows:
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— Ecliptic longitude () is measured eastward along the ecliptic from the vernal
equinox (0° to 360°).

— Ecliptic latitude () is measured perpendicularly from the ecliptic plane toward
the NEP (490°) or South Ecliptic Pole (—90°).
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Figure 5: Diagram of the ecliptic coordinate system. The celestial equator is shown tilted
at € &~ 23.4° relative to the ecliptic plane, illustrating the physical obliquity of the ecliptic.

1.5 The Galactic System

For studying stellar kinematics, the distribution of the interstellar medium, and the
broader dynamics of the Milky Way, astronomers rely on a coordinate system funda-
mentally aligned with the geometry of our host galaxy, as illustrated in Figure 6.

o The fundamental plane is the galactic equator, which approximates the physical
plane of the Milky Way’s disk.

o The principal pole is the North Galactic Pole (NGP), rigidly defined by the In-
ternational Astronomical Union (IAU) in J2000.0 equatorial coordinates at o =
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12851™m26.28%, § = +27°07'42.0".

o The reference direction is the Galactic Center (in the direction of Sagittarius A*),
officially defined at o = 17P45™37.225, § = —28°56'10.2".

e The coordinates are defined as follows:

— Galactic longitude (1) is measured counterclockwise from the Galactic Center
(0° to 360°) along the galactic equator.

— Galactic latitude (b) is measured along the great circle passing through the
object and the poles, from the galactic equator toward the NGP (4+90°) or
South Galactic Pole (—90°).

. Galactic
Equator

. Longitude
Galactic Cente )

(1 =0°)

SGP

Figure 6: Diagram of the galactic coordinate system. The poles are anchored to the
sphere boundary and the meridian connects the star to the NGP.

1.6 The Supergalactic System

When studying extragalactic astronomy and cosmology, the Milky Way’s galactic plane
is no longer a naturally fundamental reference. In 1953, Gérard de Vaucouleurs demon-
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strated that the distribution of nearby galaxy clusters—most notably the Virgo Clus-
ter—is not isotropic, but rather flattened along a distinct plane known as the Local
Supercluster. This observation led to the establishment of the supergalactic coordinate
system, as illustrated in Figure 7.

o The fundamental plane is the supergalactic equator, representing the primary plane
of the Local Supercluster.

 The principal pole is the North Supergalactic Pole (SGP), rigorously defined relative
to the galactic system at [ = 47.37°,b = +6.32°.

o The reference direction is the origin of supergalactic longitude (SGL = 0°), defined
by the intersection of the supergalactic plane with the galactic plane, specifically at
[ =137.37°,0=0°.

o The coordinates are Supergalactic Longitude (SGL or L) and Supergalactic Latitude
(SGB or B).

2 Modern Astrometric Reference Systems

A theoretical coordinate system is a purely abstract mathematical construct. To be
practically applied for astronomical observations, it requires a reference frame, a physical
realization consisting of a catalog of precisely measured celestial objects that anchors the
geometric grid to the observable sky.

2.1 Dynamical Frames: FK4 and FK5

Historically, reference frames were anchored by the positions of bright, fundamental stars.
Because the orientation of the Earth’s equator and the ecliptic changes continuously due
to gravitational perturbations from the Moon and planets, these historical frames were

inherently dynamical—they were tied directly to the physical motion and orientation of
the Earth.

The FK4 (Fourth Fundamental Catalogue) was based on the Earth’s equator and equinox
defined for the Besselian epoch 1950.0 (B1950). In 1984, the IAU introduced the FKB5,
updating the reference epoch to the Julian year 2000.0 (J2000.0). However, relying on
stars introduces a fundamental astrophysical limitation: stars orbit the galactic center.
This intrinsic proper motion implies that the supposedly “fixed” coordinate grid actually
deforms and flows over time. Despite rigorous modeling, residual kinematic errors limit
the precision of stellar-based reference frames to approximately 0.05 arcseconds.

2.2 Kinematic Frames: ICRS and ICRF

Recognizing the limitations of dynamical frames, the TAU adopted a radical paradigm
shift in 1998: the International Celestial Reference System (ICRS), illustrated in Figure
8.
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Figure 7: The Supergalactic Coordinate System. The fundamental plane is the supergalac-
tic equator, mapped to the Local Supercluster. Coordinates are supergalactic longitude
(SGL) and supergalactic latitude (SGB).

The ICRS is a theoretical, purely kinematic system. Its axes are fixed with respect to the
distant matter in the universe, ensuring the system has strictly zero rotation (dw/dt = 0).
Furthermore, to comply with General Relativity, the origin of the ICRS is defined at the
Solar System Barycenter (BCRS), entirely decoupling it from the rotational and orbital
motions of the Earth.

The physical realization of the ICRS is the International Celestial Reference Frame (ICRF).
Instead of local stars, the ICRF is anchored by over 3,000 extremely distant extragalactic
radio sources (predominantly quasars) measured via Very Long Baseline Interferometry
(VLBI). Because these quasars reside billions of light-years away, their apparent angular
proper motions are mathematically indistinguishable from zero. Consequently, the ICRF
provides a perfectly rigid, non-rotating grid with micro-arcsecond precision.

To maintain continuity with historical catalogs, the primary plane and origin of the ICRS
were defined to match the mean equator and equinox of J2000.0 as closely as possible.
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Therefore, ICRF positions are still expressed as right ascension and declination, but these
coordinates are permanently frozen to the extragalactic grid rather than tied to the phys-
ical motion of the Earth.

Today, all modern optical catalogs (most notably the ESA Gaia mission’s celestial ref-
erence frame, Gaia-CRF3) are strictly aligned to the non-rotating ICRF radio frame,
effectively rendering the FK5 and J2000 dynamical frames obsolete.

ICRS Pole

4 (Proper Motion)

> \'ICRS Equator

. R
Sa
’ (Rigid) b
k Solar System Barycentgf] (BCRS)

W

|

Local Star (Moving)

‘ ¢ ICRF Quasar (Fixed)

Figure 8: Conceptual diagram of the International Celestial Reference System (ICRS).
Unlike older dynamical frames that drift due to the proper motion (u) of local stars, the
ICRF is rigidly anchored by distant, stationary extragalactic quasars measured via VLBI.
The origin is placed at the Solar System Barycenter (BCRS).

2.3 Astrometric Perturbations

To point a telescope at the precise apparent position of an object tonight, the cataloged
ICRS coordinates must be mathematically corrected for several physical effects:

1. Proper Motion (i): The true, intrinsic space velocity of the star projected onto
the celestial sphere, typically measured in milliarcseconds per year (mas/yr). Over
centuries, this kinematic flow deforms the shapes of familiar constellations, as illus-
trated in Figure 9.

2. Precession & Nutation: The Earth is an oblate spheroid. The gravitational pull
of the Sun and Moon on the Earth’s equatorial bulge causes its rotation axis to
slowly trace a cone in space (precession, taking ~ 26,000 years) accompanied by
smaller, periodic “nods’ (nutation), shown in Figure 10. This physically shifts the
celestial equator and the vernal equinox across the sky.

3. Stellar Parallax (7): The apparent reflex motion of a nearby star against the
distant background as the Earth orbits the Sun, illustrated in Figure 11.

4. Atmospheric Refraction: As starlight enters Earth’s atmosphere, it bends down-
ward (Figure 12). This optical effect makes objects appear slightly higher in altitude
than their true geometric position, an effect that becomes increasingly severe near
the horizon.
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Figure 9: The effect of proper motion (u) deforming the current shape of the Southern
Cross into its future configuration.

Ecliptic Pole

1
Nutationi
1 Precession

Celestial Pole

Figure 10: Precession traces a 26, 000-year cone relative to the ecliptic pole, while nutation
causes small, periodic wobbles along that path.

Distant Background

Earth (Month 1) Earth (Month 6)

Figure 11: Stellar Parallax (7). As Earth orbits the Sun, a nearby star appears to shift
position relative to much more distant background stars.
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Figure 12: Atmospheric Refraction. The density of Earth’s atmosphere bends incoming
starlight downward, causing the object to appear higher in the sky (closer to the zenith)
than its true geometric altitude.

3 The Celestial Sphere and Spherical Trigonometry

Because the celestial sphere is a curved 2D manifold, Euclidean planar geometry fails
when calculating angular separations or positional shifts across the sky. The shortest
distance between any two points on a sphere is not a straight line, but an arc of a great
circle (a circle whose center coincides with the center of the sphere). To calculate these
distances rigorously, we rely on spherical trigonometry.

3.1 The Spherical Triangle

It is crucial to note that a spherical triangle is not just any three-vertex polygon drawn
on the surface of a sphere. To formally qualify as a spherical triangle, the figure must
adhere to several strict geometric definitions:

e The sides connecting the vertices must exclusively be arcs of great circles.

« Both the interior angles and the sides of the triangle are measured strictly in angular
units (degrees or radians).

o The “length” of each side (a,b, and ¢) is exactly the angle subtended at the center
of the sphere between the points they connect (effectively the arc length divided by
the sphere’s radius).

» The interior angle at each vertex (A, B, and (') represents the true angular separa-
tion between the planes of the two great circles that intersect at that specific vertex
(the dihedral angle).

Furthermore, the internal geometry of a spherical triangle is governed by a specific set of
rules that distinguish it from standard Euclidean triangles:

e The sum of the three interior angles is always strictly greater than 180° and less
than 540°.

e The sum of the three sides is always greater than 0° and less than 360°.
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o Each individual side and each interior angle must be strictly less than 180°.

o The largest side is always opposite the largest interior angle, just as the smallest
side is opposite the smallest angle.

o The sum of any two sides is always greater than the third side (e.g., a + b > ¢),
and the absolute difference between any two sides is always less than the third side
(la —0b|] < ¢).

Let a spherical triangle have vertices A, B, C' with corresponding interior angles A, B, C,
and opposite sides a, b, c. The two most fundamental relationships for coordinate trans-
formations are:
o The Spherical Law of Sines:
sina sinb  sinc

sinA sinB sinC

(1)

e The Spherical Law of Cosines: This is the most widely used equation in astrometry,
crucial for finding the angular separation between two objects.

cosa = cos bcos c + sinbsinccos A (2)

A

Figure 13: A spherical triangle on the surface of a sphere. The sides a, b, and ¢ are defined
by the angles they subtend at the center of the sphere, while the interior angles A, B, and
C' are measured between the great circles intersecting at the vertices A, B, and C.

3.2 Angular Distance Between Celestial Objects

To rigorously calculate the true angular distance (d) between two astronomical objects
on the celestial sphere, we construct a spherical triangle utilizing the North Celestial Pole
(NCP) as the third vertex (see Figure 14).
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For Object 1 at right ascension a; and declination ¢, and Object 2 at (ag, dy), the sides
of the triangle connecting the objects to the pole are their polar distances: 90° — §; and
90° — 9. The angle subtended at the pole is simply the difference in right ascension,
Ao = a1 — as.

SCP

Figure 14: A spherical triangle used to determine the exact angular distance d between
two objects on the celestial sphere. Right ascension («) is measured eastward strictly
along the equator starting from the vernal equinox (7).

Applying the Spherical Law of Cosines yields the fundamental angular distance equation:

cos d = sin 9 sin dy + cos d1 cos 3 cos(a — avg) (3)

While Equation 3 is mathematically exact, it is not always practically useful. In ob-
servational and computational astrometry, calculating the distance between two objects
depends heavily on their separation. We rely on the following alternatives depending on
the required precision:

o The Small-Angle (Planar) Approximation: If the two objects are very close
together (e.g., within the same telescope field of view), the spherical geometry locally
approximates a flat plane. Using the Pythagorean theorem, the distance can be
rapidly estimated. Because lines of right ascension converge at the poles, Aa must
be scaled by the cosine of the mean declination 6, = (§; + d2)/2:

d = \/(Aoz o8 Om)2 + (A0)? (4)

» The Haversine Formula (For Small Separations): When computing small
angular separations (like binary star components) using computers, standard 64-bit
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floating-point math suffers from catastrophic precision loss in the Law of Cosines
because cosd approaches 1.0. The Haversine formula solves this by utilizing sines,
making it numerically stable for small distances:

sin? (g) = sin? (A;) + cos 6, cos &, sin® <A2a> (5)

« The Vincenty Formula (Spherical Case): While the Haversine formula fails for
antipodal points (objects exactly on opposite sides of the sky), the special spherical
case of the Vincenty formula is perfectly conditioned for all possible angles. It uti-
lizes the two-argument arctangent function, making it the gold standard for robust
computational astrometry:

sin d; sin dy + cos 01 cos 09 cos A

cos 0 sin Aav)2 + (cos 01 sin 09 — sin 01 cos 0o cos Ar)?
d = arctan <\/( 2 ) ( ! 2 ! 2 ) ) (6)

3.3 The Positional Triangle

The positional triangle, as illustrated in Figure 15, is a fundamental construction on the
celestial sphere used to transform coordinates between the local and global systems. It is
defined by three specific vertices:

e The NCP, around which the celestial sphere appears to rotate.
o The zenith, directly above the observer.
o The celestial object, representing the position of the star or planet being observed.

The sides of this triangle are arcs of great circles, and their angular lengths are derived
from the observer’s latitude (¢) and the object’s coordinates:

 Side NCP-Z (co-latitude) is the arc between the pole and the zenith, equal to 90°—¢.

 Side Z-X (zenith distance) is the arc between the zenith and the object, denoted as
z in the figure.

» Side NCP-X (polar distance) is the arc between the pole and the object, equal to
90° — 4.

The interior angles of the positional triangle are equally significant for coordinate conver-
sion:

« The angle at the NCP is the hour angle (H), representing the angle between the
observer’s local meridian and the object’s hour circle.

o The angle at the zenith is the azimuthal angle (360° — A), representing the angle
between the local meridian and the vertical circle passing through the object.

« The angle at the object is the parallactic angle (¢q), representing the angle between
the hour circle passing through the object and the vertical circle passing through
the object.
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By applying the Spherical Law of Cosines to the positional triangle, we derive the funda-
mental formula for the altitude of a celestial body (noting that cos z = sin h):

sin h = sin ¢ sin § + cos ¢ cos § cos H (7)

This relationship is essential for predicting when an object will rise or set (when h = 0)
or for determining the observer’s latitude if the altitude and declination are known.

) Zenith
o -~
90 T

Meridian

Figure 15: The Positional Triangle (PZX) on the celestial sphere, illustrating the rela-
tionship between the local horizon system and the equatorial system.

4 Astronomical Time Scales

Pointing a telescope accurately requires precisely coupling the Earth’s rotation to the
fixed celestial sphere. A single generic concept of “time” is insufficient; modern astronomy
relies on a hierarchy of highly specific time scales to account for orbital mechanics, Earth’s
irregular rotation, and relativistic effects. The fundamental measurement underlying these
systems is the rotation of the Earth on its axis, which defines the poles and the grid of
the celestial sphere.

4.1 Solar Time vs. Sidereal Time

A true solar day is defined as the interval between two consecutive upper meridian transits
of the Sun. However, the length of this true solar day is not constant throughout the year.
As Figure 16 shows conceptually, the accumulated difference between uniform clock time
and the actual position of the Sun creates the equation of time.

AST-B09 | Course Notes | L02 | Rogério Monteiro-Oliveira, Ph.D. 19



MINISTERIO DA

Obsgrvatono CIENCIA, TECNOLOGIA
NaC|0naI E INOVAGAO

Minutes (Apparent - Mean)

+15

f f f f f Months
Jan Apr Jul Oct Dec

-15 +

Figure 16: The equation of time: The difference between apparent (true) solar time and
mean solar time over a year, driven by orbital eccentricity and ecliptic obliquity.

This variation is due to two key geometric effects shown in Figure 17: Earth’s elliptical
orbit causing variable speed according to Kepler’s Second Law, and the tilt of the ecliptic
(€). To standardize civil timekeeping, we utilize mean solar time, an artificial mathemat-
ical construct that assumes a fictitious Sun moving at a perfectly uniform rate along the
celestial equator.

NCP

Summer Solstice
a=06" §=+4+23.5°

Autumnal Equinox
a=12" 6=0°

*\ Vernal Equinox (T)
a=0"§=0°

Celestial Equator

Winter Solstice
a=18" §=—-23.5°

Figure 17: The apparent annual path of the Sun (the ecliptic). The vernal equinox ()
defines the zero-point for right ascension (o = 0") and sidereal time, located exactly where
the ecliptic intersects the celestial equator.

In observational astronomy, timekeeping is referenced to the inertial celestial sphere rather
than the Sun. A sidereal day is the interval between two consecutive upper meridian
transits of the vernal equinox (or a distant, functionally stationary star), requiring an
exact 360° axial rotation. However, as illustrated in Figure 18, Earth’s simultaneous
eastward orbital progression of approximately 0.986° per day means a mean solar day
requires a 360.986° rotation to realign with the Sun. Consequently, the sidereal day is
slightly shorter, measuring precisely 23%56™04.091° of mean solar time.

Local sidereal time is the hour angle of the vernal equinox, the zero-point established in
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Extra ~ 1°
for Solar Day

To Sun

To Sun Day 2

‘ Day 1
Sidereal Day ends
(360°)

To Distant
Star

Figure 18: The kinematic difference between a sidereal and solar day. Earth’s orbital
advancement requires an additional =~ 1° of axial rotation to realign the local meridian
with the Sun.

Figure 17. This fundamental definition yields the critical operational equation linking the
equatorial and local coordinate systems:

H=LST — o (8)

At the moment of upper transit, a celestial object’s hour angle is exactly zero, meaning
LST = «. Thus, sidereal time acts as a sweeping pointer, indicating precisely which right
ascension coordinate is currently crossing the observer’s local meridian.

4.2 Atomic and Dynamical Time Scales

Due to the Earth’s variable rotation rate (caused by lunar tidal friction and internal mass
redistribution) astronomers transitioned from Earth-rotation time to atomic physics as
the ultimate timekeeping standard. The fundamental time scales and their relationships
are summarized in Figure 19 and defined below:

o TAI (International Atomic Time): The fundamental, strictly continuous coordinate
time scale on the Earth’s surface. It is realized by the International Bureau of
Weights and Measures (BIPM), which statistically combines and weights data from
a global network of hundreds of highly precise atomic clocks (primarily Cesium-133).
Because clock rates are influenced by gravitational potential and velocity according
to general relativity, TAI specifically represents the proper time scale of the rotating
geoid (mean sea level).
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Figure 19: The relationship between atomic time (TAI), Earth rotation time (UT1),
and civil time (UTC). UTC advances uniformly with TAT but incorporates periodic leap
seconds to remain synchronized with UT1.

o UT1 (Universal Time): The definitive measure of the Earth’s actual rotation angle.
Rather than referencing the Sun, UT1 is measured with respect to the distant, sta-
tionary quasars of the ICRF using VLBI. It specifically corrects for polar motion,
the wobble of the Earth’s crust relative to its axis of rotation. UT1 continuously
and unpredictably drifts from uniform atomic time due to lunar tidal friction, at-
mospheric winds, and internal core-mantle angular momentum exchanges.

o UTC (Coordinated Universal Time): The foundational standard for global civil
timekeeping. UTC ticks at the exact uniform SI rate of TAI but maintains an
integer-second offset. To ensure everyday time remains synchronized with the phys-
ical solar day, the International Earth Rotation and Reference Systems Service
(IERS) monitors the difference between Earth rotation and civil time (DUT1 =
UT1 — UTC). When the absolute value of DUT1 threatens to exceed 0.9 seconds,
a leap second is manually scheduled to keep civil time closely bounded to Earth’s
actual rotation.

4.3 Julian Date (JD)

To compute planetary and stellar positions over centuries without navigating the complex,
irregular rules of the Gregorian calendar (such as varying month lengths and discontinuous
leap year exceptions), astronomers employ a strictly monotonic, continuous day count.
The Julian Date (JD), introduced by Joseph Scaliger in 1583, is defined as the exact
number of days and fractions of a day elapsed since 12:00 UT (noon) on January 1, 4713
BC in the Julian calendar.

This specific zero-point (JD 0.0) was chosen mathematically rather than observationally.
It represents the most recent year where three foundational historical timekeeping cycles
simultaneously began: the 28-year solar cycle, the 19-year lunar (Metonic) cycle, and the
15-year Roman indiction cycle. Multiplying these periods yields a 7980-year Julian Pe-
riod that safely encompasses all recorded human historical and astronomical observations
without requiring negative dates. Because JD is a pure decimal scalar, the time of day is
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expressed as a continuous fraction; for instance, 18:00 UT adds exactly 0.75 to the daily
integer.

JD = 2,400,000.5 JD = 2,451,545.0

JD=0 MJD =0 Epoch J2000.0
| . | |
| | |
Jan 1, 4713 BC Nov 17, 1858 Jan 1, 2000
12:00 UT 00:00 UT 12:00 TT

Figure 20: The Julian Date (JD) establishes a continuous timeline across centuries. The
Modified Julian Date (MJD) shifts the zero-point to November 17, 1858, reducing the
required computational memory and aligning the start of the day with civil midnight.

While mathematically elegant, modern JD values for the contemporary era exceed 2.4 x
10%. In computational astronomy, continuously tracking and updating these massive
numbers can induce significant floating-point truncation errors and unnecessary memory
overhead. To mitigate numerical instability, modern operations widely use the Modified
Julian Date (MJD). As illustrated in Figure 20, MJD fundamentally shifts the JD epoch
forward:

MJD = JD — 2400000.5 (9)

Beyond condensing the integer size, the 0.5 day offset deliberately shifts the start of the
MJD day from noon to midnight, explicitly aligning the timeline with standard civil time-
keeping practices. Algorithmically, converting a standard Gregorian date to a JD or MJD
relies on pure integer-arithmetic formulas (such as the Fliegel-Van Flandern algorithm),
which efficiently handle leap years without the need for programmatic conditional loops.

4.4 Coordinate Transformations via Rotation Matrices

To calculate the altitude and azimuth of a celestial object at any given moment, an
observer must know exactly how much the Earth has rotated relative to the inertial
celestial sphere. This instantaneous rotational link is provided by the local sidereal time
(LST), which directly connects the right ascension of the object to the observer’s local
meridian. Because the observer’s local reference frame is constantly moving with the
Earth’s rotation, understanding astronomical time scales is an absolute prerequisite to
performing dynamic coordinate transformations.

4.4.1 The General Framework

While the geometric approach of the spherical positional triangle provides excellent con-
ceptual intuition, modern astronomy and telescope control software rely on 3D rotation
matrices operating on Cartesian unit vectors.

Any position on the celestial sphere, defined by a longitudinal angle (6) and a latitudinal
angle (), can be mapped to a Cartesian unit direction vector r. In standard astro-
nomical coordinate systems, the Z-axis points toward the primary pole, the X-axis points
toward the origin of longitude (§ = 0°), and the Y-axis completes a standard right-handed
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orthogonal system (X x Y = Z):

x cos ¢ cos 6
r=|y|=|[cospsind (10)
z sin ¢

To transform coordinates between systems that share the same origin (the observer or the
Earth’s center), we simply rotate the passive coordinate reference frame. This is achieved
by multiplying the initial vector by standard principal rotation matrices. For a frame
rotation by an angle v around the X, Y, or Z axis, the matrices are:

1 0 0
R.(7) =10 cosy siny (11)
0 —siny cosvy
cosy 0 —sinvy
R,(v=| 0 1 0 (12)
siny 0 cosvy

cosy siny 0
R.(y) =|—siny cosy 0 (13)
0 0 1

4.4.2 Application to Astronomical Systems

By assigning specific astronomical coordinates to the generic (6, ), we can directly link
the four primary systems: equatorial (a, d), equatorial hourly (H,d), ecliptic (A, 3), and
horizontal (A, h).

1. Equatorial to Ecliptic (Rotation around X-axis) Both systems share the vernal
equinox as their X-axis (where longitude is zero). To transform equatorial coordinates
to ecliptic coordinates, we rotate the coordinate frame around the shared X-axis by the
obliquity of the ecliptic (e ~ 23°26"). This tilts the equatorial Z-axis (NCP) toward the
ecliptic pole:

cos 3 cos A €OS 0 COS v 1 0 0 coS 0 cos &
cosBsin A\ | = Ry(€) [cosdsina | = [0 cose sine| | cosdsina (14)
sin 8 sin ¢ 0 —sine cose sin §

2. Equatorial to Equatorial Hourly (Rotation around Z-axis) Both systems
share the North Celestial Pole as their Z-axis, meaning declination remains physically
unchanged. Moving from standard equatorial to the local hourly system involves rotating
the X-axis from the vernal equinox to the observer’s local meridian (South point).

This is a rotation around the Z-axis driven by the local sidereal time. Because hour angle
is measured westward while right ascension is measured eastward, the transformation is
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defined by H = LST — «. In matrix form, applying this Z-axis rotation yields:

cosd cos H cos d cos « cos LST sin LST 0\ [cosdcosa
—cosdsin H | =R, (LST) [ cosdsina | = [ —sin LST cos LST 0| [ cosdsina
sin 0 sin d 0 0 1 sin d
(15)

Note the critical negative sign on the Y-component of the Hourly vector. To maintain a
right-handed coordinate frame where Z is North and X is South, the Y-axis must point
Fast. Because H increases to the West, a positive Hour Angle results in a negative Y-
coordinate.

3. Equatorial Hourly to Horizontal (Rotation around Y-axis) To move from
the equatorial hourly system (pole at NCP) to the horizontal system (pole at Zenith), we
must tilt the Z-axis down by the observer’s co-latitude, 90° — ¢. Because both systems
share the same East-West line, this is a rotation strictly around the Y-axis.

Substituting v = 90° — ¢ into the R, matrix yields cos(90° — ¢) = sin ¢ and sin(90° —¢) =
cos ¢:

cos hcos A cosd cos H sing 0 —cos¢ cos 6 cos H
coshsinA | =R,(90° —¢) | —cosdsinH [ =] 0 1 0 —cosdsin H
sin h sin & cos¢p 0 sing sin &
(16)

Important Convention Note: For this specific right-handed matriz formulation to hold
true, Azimuth (A) must be measured Eastward from the South point, ensuring the Y-axis
consistently points Fast.

Expanding the components of this matrix multiplication recovers the classical trigonomet-
ric transformation equations. Most notably, evaluating the third row isolates the Z-axis
(Zenith) component, yielding the fundamental expression for altitude:

sin h = sin ¢ sin ¢ + cos ¢ cos § cos H (17)

This final result elegantly demonstrates the strict mathematical equivalence between the
3D rotation matrix formalism and the geometric derivation traditionally established via
the Spherical Law of Cosines.

5 Target Observability and Mission Planning

Planning an astronomical observation requires rigorously calculating exactly when a target
will be visible and geometrically optimal. The most fundamental constraint is that a target
must be above the local horizon (h > 0°). By setting altitude to zero in our previously
derived transformation equations, we can calculate the strict mathematical limit for an
object’s rising and setting hour angle (Hy):

cos Hy = —tan¢tand (18)
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If this resulting value exceeds 1, the object never rises and is permanently invisible from
the observer’s latitude. If the value is less than —1, the object is circumpolar and never
sets.

However, simple geometric visibility above the horizon is insufficient without a dark sky.
Because the atmosphere continues to scatter sunlight long after geometric sunset, as-
tronomers define three strict regimes of twilight based on the solar depression angle (ag):
civil (ag, > —6°), nautical (—6° > ag > —12°), and astronomical (—12° > as > —18°).
True astronomical darkness, where deep-sky imaging and faint photometry can commence
without solar background contamination, only occurs when the Sun drops completely be-
low a, = —18°.

Once darkness is established, the observer must determine the optimal time to execute
the observation. To maximize observable time and minimize the amount of turbulent
atmosphere the light must pass through (airmass), a celestial target should be observed
when it reaches its absolute highest point in the sky. This event, known as the upper
meridian passage or transit, occurs exactly when the object crosses the observer’s local
meridian (H = 0"), as illustrated in Figure 21.

Zenith (2)

Meridian Passages:

Upper (H = 0"):

h=90°—¢+9 NCP
Lower (H = 12):

h=¢+446—90°

’Upper TraEsw

1
1
1
1
1
1
1
K
Y1
1
1
1
1
1
1
1

North > South

Lower Transit

Figure 21: Geometry of meridian passages looking West. The dotted line represents the
projection of the star’s daily circular path. The upper transit occurs on the visible local
meridian (H = 0), while the lower transit occurs 180° away (H = 12"), often below the
horizon.

The absolute ideal time of year to observe a specific target is when this upper meridian
passage coincides exactly with local midnight. At midnight, the Sun is at lower culmina-
tion, meaning its hour angle is H. = 12". Because local sidereal time aligns with o + H,
and the target is transiting (Hiarget = 0%), the sidereal time at midnight must perfectly
equal the target’s right ascension (cvarget). Consequently, the ideal target must be located
exactly opposite the Sun on the celestial sphere:

atarget ~ Qo + ]-2h (19)
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Since the Sun moves eastward along the ecliptic by approximately 2" of right ascension
each month, starting from its position at the vernal equinox on March 21st, we can es-
tablish a direct mapping between a target’s coordinates and its optimal observing month.
Table 1 provides a comprehensive 12-month observability guide based on this principle.

Date OTarget (Transit at Midnight)
March 21 (Equinox) 12h
April 21 14h
May 21 16"
June 21 (Solstice) 18h
July 21 20b
August 21 22h
September 21 (Equinox) b
October 21 b
November 21 4h
December 21 (Solstice) 6"
January 21 gh
February 21 100

Table 1: Approximation of optimal observing windows based on the 12-hour offset rule.
These values serve as a seasonal rule of thumb; the listed target right ascension indicates
the general region transiting near local midnight, assuming a simplified solar motion of
2% per month.
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These course notes were refined using Gemini, with all figures generated by the same
tool.
Last updated on March 15, 2026.
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